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Non-equilibrium transitions in fully frustrated Josephson junction arrays
Vero´nica I. Marconi and Daniel Domı´nguez
Centro Ato´mico Bariloche, 8400 S. C. de Bariloche, Rio Negro, Argentina
We study the effect of thermal fluctuations in a fully frustrated Josephson junction array driven by
a current I larger than the apparent critical current Ic(T ). We calculate numerically the behavior of
the chiral order parameter of Z2 symmetry and the transverse helicity modulus (related to the U(1)
symmetry) as a function of temperature. We find that the Z2 transition occurs at a temperature
TZ2(I) which is lower than the temperature TU(1)(I) for the U(1) transition. Both transitions could
be observed experimentally from measurements of the longitudinal and transverse voltages.
PACS numbers: 74.50+r, 74.60.Ge, 74.60.Ec
The study of non-equilibrium steady states of driven
many-degrees-of-freedom systems are of importance in
condensed matter physics [1–4]. Examples of this prob-
lem are the dynamics of vortices in type II superconduc-
tors [1–3] and charge density waves [4]. In two dimen-
sions, Josephson junction arrays (JJA) are a well con-
trolled system [5] where this issue can be investigated
[6,7]. In the presence of a magnetic field such that there
is a half flux quantum per plaquette, f = Ha2/Φ0 = 1/2,
the JJA corresponds to the fully frustrated XY (FFXY)
model [8–11]. The ground state is a “checkerboard” vor-
tex lattice, in which a vortex sits in every other site of
an square grid [8]. There are two types of competing or-
der and broken symmetries: the discrete Z2 symmetry
of the ground state of the vortex lattice, with an asso-
ciated chiral (Ising-like) order parameter, and the con-
tinuous U(1) symmetry associated with superconducting
phase coherence. The critical behavior of this system has
been the subject of several experimental [10] and the-
oretical [8,9,11–16] studies. There are a Z2 transition
(Ising-like) and a U(1) transition (Kosterlitz-Thouless-
like) with critical temperatures TZ2 ≥ TU(1). There is
a controversy about these temperatures being extremely
close [14] or equal [13,15,16]. In the light of this, it is
worth studying the possibility of non-equilibrium Z2 and
U(1) transitions at large driving currents. Also, the dy-
namical transitions in driven systems studied up to now
[1–4,6,7] involve continous (translational or gauge) sym-
metries, and therefore it is interesting to study a system
with a discrete symmetry. Previously, we have found dy-
namical transitions of the vortex lattice in a JJA with a
field density of f = 1/25 [7]: for large currents I there
is a melting transition of the moving vortex lattice at a
temperature higher than the transverse superconducting
transition: TM (I) > TU(1)(I). Interestingly, here we find
that the opposite case occurs in the driven FFXY: the
order of the “checkerboard” vortex lattice is destroyed at
a much lower temperature than the transverse supercon-
ducting coherence, TZ2(I) < TU(1)(I).
The hamiltonian of the frustrated XY model is:
H = −
∑
µ,n
Φ0I0
2pi
cos[θ(n+ µ)− θ(n) −Aµ(n)] , (1)
where I0 is the critical current of the junction between
the sites n and n + µ in a square lattice [n = (nx, ny),
µ = xˆ, yˆ], RN is the normal state resistance and θµ(n) =
θ(n+ µ)− θ(n)−Aµ(n) = ∆µθ(n)−Aµ(n) is the gauge
invariant phase difference with Aµ(n) =
2pi
Φ0
∫ (n+µ)a
na
A·dl.
In the presence of an external magnetic field H we have
∆µ×Aµ(n) = Ax(n)−Ax(n+y)+Ay(n+x)−Ay(n) =
2pif , f = Ha2/Φ0 and a is the array lattice spacing. For a
fully frustrated JJA we have f = 1/2. Here, we will take
periodic boundary conditions (p.b.c) in both directions
in the presence of an external current Iext in arrays with
L × L junctions [6]. The vector potential is taken as
Aµ(n, t) = A
0
µ(n) − αµ(t) where in the Landau gauge
A0x(n) = −2pifny, A0y(n) = 0 and αµ(t) will allow for
total voltage fluctuations. With this gauge the p.b.c. for
the phases are: θ(nx +L, ny) = θ(nx, ny) and θ(nx, ny +
L) = θ(nx, ny) − 2pifLnx. The current flowing in the
junction between two superconducting islands in a JJA
is modeled as the sum of the Josephson and the normal
currents [6,7,11,17]:
Iµ(n) = I0 sin θµ(n) +
Φ0
2picRN
∂θµ(n)
∂t
+ ηµ(n, t) (2)
where the thermal noise fluctuations ηµ have correlations
〈ηµ(n, t)ηµ′ (n′, t′)〉 = 2kTRN δµ,µ′δn,n′δ(t − t′). The condi-
tion of a current flowing in the y- direction:
∑
n
Iµ(n) =
IextL
2δµ,y determines the dynamics of αµ(t) [6,7]. After
considering local conservation of current, ∆µ · Iµ(n) =∑
µ Iµ(n) − Iµ(n − µ) = 0, we obtain the full RSJ-
Langevin dynamical equations of the driven XY model
as in [6,7]. We normalize currents by I0, time by
τJ = 2picRNI0/Φ0 and temperature by I0Φ0/2pikB. We
solve the dynamical equations with time step ∆t =
0.001− 0.1τJ and integration times 10000τJ after a tran-
sient of 5000τJ .
We study the fully frustrated JJA for system sizes of
L × L junctions, with L = 8, 16, 24, 32, 48, 64, 128. In
the absence of external currents, we find an equilibrium
phase transition at Tc = 0.45 which, within a resolution
of ∆T = 0.005, corresponds to a simultaneous (or very
close) breaking of the U(1) and the Z2 symmetries. Here
we will analyze the possible occurrence of these transi-
tions as a function of temperature when the JJA is driven
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by currents well above the zero temperature critical cur-
rent I > Ic0 = (
√
2− 1)I0 ≈ 0.414I0.
FIG. 1. Breaking of the U(1) symmetry for a large current:
I = 0.9, I > Ic(0), system size 64 × 64. a) Helicity Modulus
Υx vs temperature T (• increasing T , ✸ decreasing T ). Inset:
size effect for L = 32, 48, 64, 128. b) Transverse voltage for a
small transverse current, Itr = 0.1, vs T . c) Vortex-antivortex
pairs density, nva vs. T .
U(1) symmetry and transverse superconductivity. In
the driven JJA superconducting coherence can only be
defined in the direction transverse to the bias cur-
rent [7,18]. We calculate the transverse helicity modu-
lus Υx =
1
L2
〈∑
n
cos θx(n)〉 − 1T 1L4 {〈[
∑
n
sin θx(n)]
2〉 −
〈[∑
n
sin θx(n)]〉2}. [In order to calculate the helicity
modulus along x, we enforce strict periodicity in θ by
fixing αx(t) = 0]. We find that Υx is finite at low T and
vanishes at a temperature TU(1)(I).In Fig.1a we show the
behavior of Υx(T ) for a current I = 0.9 in a 64×64 JJA.
The inset of Fig.1a shows Υx for sizes L = 32, 48, 64, 128,
we see that a transition temperature can be defined in-
dependently of lattice size. This transition is reversible:
we obtain the same behavior when decreasing T from a
random configuration at T = 1 and when increasing T
from an ordered state at T = 0, see Fig.1a.
FIG. 2. Breaking of the Z2 symmetry for a large current:
I = 0.9, I > Ic(0), system size 128 × 128, results for increas-
ing T (•) and decresing T (✸). a) Chiral order parameter χ
vs T and one-dimensional order parameter χx vs. T . Inset:
size effect for χ for L = 8, 16, 32, 48, 64, 128. b) Longitudinal
voltage V vs. T . Insets: snapshots of the staggered mag-
netization ms(n, t): ordered state for T = 0.035 (warming
up), high temperature disordered state, T = 0.15, and low
temperature state with Lx-domain walls, T = 0.0025 (cool-
ing down). c) Domain wall lengths Lx and Ly vs. T . Inset:
domain anisotropy Lx/Ly vs. T .
Transverse superconductivity can be measured when a
small current Itr is applied perpendicular to the driving
current: we find a vanishingly small transverse voltage
Vtr below TU(1)(I), as we found before in [7] for f = 1/25.
We obtain the voltage in the µ-direction as the time av-
erage Vµ = 〈dαµ(t)/dt〉 (normalized by RNI0); longitudi-
nal voltage is V = Vy and transverse voltage is Vtr = Vx.
In Fig.1b we see that the transverse resistance Vtr/Itr is
negligibly small for T < TU(1) and starts to rise near the
transition. The equilibrium U(1) transition (at f = 0,
I = 0, Kosterlitz-Thouless) is characterized by the un-
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binding of vortex-antivortex pairs above Tc. We calculate
the density nva of vortex-antivortex excitations above
checkerboard vortex configuration as 2nva = 〈|b(n˜)|〉−f ,
where the vorticity at the plaquette n˜ (associated to the
site n) is b(n˜) = −∆µ×nint[θµ(n)/2pi]. We see in Fig.1c
that nva rises near TU(1). Moreover, the transverse resis-
tivity above TU(1) is Vtr/Itr ∝ nva.
Z2 symmetry. Since the ground state is a checkerboard
pattern of vortices, we define the “staggered magneti-
zation” as ms(n˜, t) = (−1)nx+ny [2b(nx, ny, t) − 1] and
ms(t) = (1/L
2)
∑
n˜
ms(n˜, t). At T = 0, I = 0 there are
two degenerate configurations with ms = ±1. Above
the T = 0 critical current Ic0 the checkerboard state
moves as a rigid structure and ms(t) changes sign pe-
riodically with time. Therefore we define the chiral order
parameter as χ = 〈m2s(t)〉. We start the simulation at
T = 0 with an ordered checkerboard state driven by a
current I > Ic0 and then we increase slowly the tem-
perature. We obtain that the chirality parameter van-
ishes at a temperature TZ2 , which is smaller than TU(1),
as can be seen in Fig.2a for I = 0.9. This transition
is confirmed by the size analysis shown in the inset of
Fig.2a: for T < TZ2 the chirality χ is independent of
size, while for T > TZ2 we see that χ ∼ 1/L2. As
it is shown in Fig.2b, the longitudinal voltage V has a
sharp increase at TZ2 , which could be easily detected ex-
perimentally. The excitations that characterize the Z2
transition are domain walls that separate domains with
different signs of ms. The length of domain walls in the
direction µ is given by Lµ = (2/L2)
∑
n˜
〈b(n˜)b(n˜ + ν)〉,
with ν ⊥ µ. We find that for I > 0 and T > 0 the do-
mains are anisotropic, with the domain walls being longer
in the direction perpendicular to the current (Lx > Ly)
and the domain anisotropy Lx/Ly increasing with I. In
Fig.2c we show the dependence of Lµ with temperature
for I = 0.9. At T = 0 there are no domain walls, since
the initial condition is the checkerboard state, and the
domain wall length grows with T , showing a sharp in-
crease at TZ2 . The domain anisotropy Lx/Ly is shown
in the inset of Fig.2c: it has a clear jump at the transi-
tion in TZ2 while for T ≫ TZ2 the domains tend to be
less anisotropic. When decreasing temperature from a
random configuration at T = 1, an important number of
domain walls along the x direction remain frozen below
TZ2 : Lx tends to a finite value when T → 0 and the
domain anisotropy tends to diverge when cooling down.
This leads to a strong hysteresis in the voltage V at TZ2
(see Fig.2b) since the extra domain walls increase dissi-
pation [11,19]. This low T state with frozen-in domain
walls is ordered along the x-direction (i.e. perpendicular
to I) but is disordered along the y direction which gives
χ ≈ 0. We define the Z2 order parameter in the x direc-
tion as χx = 〈(1/L)
∑
ny
[(1/L)
∑
nx
ms(nx, ny, t)]
2〉 and
χy is defined analogously. We see in Fig.2a that, when
cooling down from high T , χx vanishes as χx ∼ 1/L for
T > TZ2 (it has stronger size effects than χ) and becomes
finite for T < TZ2 , while χy ≈ 0 for any T . Therefore,
depending on the history, there are two kinds of high
current steady states with broken Z2 symmetry at low
T , examples of which are shown in the inset of Fig.2b.
One state has mostly the checkerboard structure (χ 6= 0)
with few very anisotropic domains. It can be obtained
experimentally by cooling down at zero drive and then
increasing I. The other steady state is ordered in the
direction perpendicular to I (χx 6= 0, χy = 0) with sev-
eral domain walls along the x direction. These domain
walls move in the direction parallel to I (via the motion
of vortices perpendicular to I) giving an additional dis-
sipation. This state can be obtained experimentally by
cooling down with a fixed I.
FIG. 3. Current-voltage hysteresis for T = 0.02 shown for
(a) voltage vs. I and (b) chiral order parameter vs. I . In-
creasing current from the checkerboard state (•) and decreas-
ing current from a random state at large I > IZ2 (✸).
The two steady states have also different critical cur-
rents as can be observed in the low T current-voltage
(IV) characteristics. In Fig.3a we show the IV curve for
T = 0.02 and in Fig.3b the corresponding χ vs. I curve.
When increasing I from the I = 0 equilibrium state, we
find a critical current Ic2(T ), which in the limit of T = 0
tends to Ic0 =
√
2−1 as found analitically and in simula-
tions with p.b.c [8,20,21]. Near Ic2 the order parameter
χ has a minimum and rapidly increases with I. The
driven state is an ordered state similar to the one shown
in Fig.2b. At a higher current IZ2 there is a sharp drop
of χ which corresponds to the crossing of the TZ2(I) line
(see Fig.4) and the Z2 order is lost. If we now decrease
the current either from the disordered state at I > IZ2
or from a random initial configuration or from a config-
uration cooled down at a fixed I > Ic2, we obtain the
steady state with domain walls along the x direction and
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χ ≈ 0, χx 6= 0. This state has a higher voltage and pins
at a lower critical current Ic1(T ), which has the T = 0
limit Ic1(T → 0) = 0.35. It has been shown recently [21]
that open boundary conditions can nucleate domain walls
leading to the critical current Ic1(0) = 0.35 usually found
in open boundary T = 0 simulations [11,17,19]. Also a
moving state with parallel domain walls (as in the inset
of Fig.3b) has been found by Grønbech-Jensen et al. [22]
in f = 1/2 JJA with open boundaries and Marino and
Halsey [23] have shown that the high current states of
frustrated JJA can have moving domain walls. We have
studied the effect of open boundaries in the direction of
I, in the direction perpendicular to I and in both direc-
tions. They differ mainly in the T = 0 critical current
and IV curve, for finite T there are small differences in
the detailed shape of the hysteresis in critical current.
In all the cases the two high current steady states are
observed at finite T with the same history dependence.
Also, we find that the density of frozen Lx domain walls
depends on cooling rate and decreases with system size.
FIG. 4. Current-temperature phase diagram. TU(1)(I) line
obtained from Υx(T ) and Vtr(T ) (△). TZ2(I) line obtained
from χ(T ), V (T ) and Lx/Ly(T ) (•). Ic1(T ) ( ✸) and Ic2(T )
(•) are obtained from hysteresis in IV curves as well as from
hysteresis in Υx(T ) and χ(T ) curves. The dashed line corre-
sponds to the IV curve of Fig.3 (T = 0.02).
In summary, we have obtained the
current-temperature phase diagram of the driven fully
frustated XY model, which is shown in Fig.4. At high
currents the breaking of the U(1) and the Z2 symmetries
occurs at well separated temperatures, with TZ2 < TU(1).
The low temperature regime T < TZ2(I) has bistability
with two possible steady states and history dependent
IV curves. The different transitions could be observed
experimentally with measurements of the transverse and
longitudinal voltage.
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